A simplified analytical model is developed to predict the spectrum of electric current induced by the multipacting electrons between two parallel electrodes exposed to an rf voltage of fixed amplitude. The model is based on the resonant multipactor theory and makes it possible to calculate the relative spectral amplitudes of electric current at different harmonics and sub-harmonics of the applied rf frequency. The theoretical predictions are confirmed by numerical simulations of multipactor inside a rectangular waveguide. Specifically it is seen that the relative height of the spectral peaks decreases with increasing gap height.
Introduction
The multipactor phenomenon is usually associated with the generation of electromagnetic noise in rf components. The noise intensity increases rapidly with an increase in the transmitted rf power and therefore this noise is often considered as an indication of a multipactor discharge occurring in the component [1] . It is commonly accepted to distinguish the close-to-carrier noise from the noise around the harmonics of the transmitted signal frequency. Specifically, the noise around the third harmonic is the most well-known and its measurement has been suggested as a means of detecting the appearance of multipactor in various devices [2] . The electromagnetic noise is generated by an electric current which is related to the motion of the multipacting electrons. On average this motion is repeated with the period, 0 
 
, of the input electromagnetic field at the saturation stage of the multipactor discharge. In this case the electron motion results in a periodic electric current which generates a series of Fourier harmonics of the input signal frequency. However, in the case of multipactor resonances of higher order, [2] . For a pure sinusoidal signal, the close-to-carrier noise as well as the noise around any harmonic or sub-harmonic is caused by fluctuations in the secondary emission yield and the electron emission velocity, which give rise to a stochastic modulation of the multipactor current. In the case of a more complicated signal, it is expected that the finite width of the signal spectrum will give rise to a further widening of the spectral lines of the different harmonics. In this paper we shall restrict ourselves to the case of a pure sinusoidal signal.
Two independent problems should be solved to predict the electromagnetic noise generated by multipactor in any device. First, the electric current density which is associated with multipacting electrons has to be calculated at the saturation stage of the multipactor discharge. Second, the output electromagnetic power which is generated by this electric current should be calculated using the proper electromagnetic field solver. It should be noted that the solution of any specific problem depends on the entire rf circuit, which controls not only the radiation power of any given electric current but also governs the multipactor saturation stage. Actually, it is generally recognized that within the plane-parallel model, multipactor saturation is caused mainly by the space charge effect, which can change the electron motion considerably (for example a two-surface multipactor can be transformed into a single-surface multipactor [3] [4] [5] [6] [7] ). However, in cases where the rf circuit contains one or more resonant cavities (which is a typical situation for any rf filter or transformer), multipactor saturation is caused mainly by impedance mismatch which results in a reduction of the rf voltage amplitude down to the multipactor threshold value [4, 8] . Therefore a theoretical model has to include the entire rf circuit to predict the multipactor electric current inside separate components of this circuit. This means that accurate quantitative predictions of the multipactor electromagnetic noise are impossible within a simple universal model. A particular model must be developed for each particular rf circuit. Examples of simulations for some rf filter configurations can be found in [9] [10] [11] [12] .
In the case when a rf circuit contains one or more resonant cavities, there may sometimes be present a narrow gap closely approximating parallel plates. In such a case, when multipactor occurs in this gap, the resulting impedance mismatch will decrease the field in the gap and lead to multipactor saturation. For such a circuit it is possible to suggest a quite simple and universal model capable of predicting quantitatively the spectrum of the specific electric current (current per one electron) which is associated with the multipactor. Knowledge of this spectrum makes it possible to predict the relative spectrum of the output noise power for any similar device, using a commercial electromagnetic field solver. In this paper, we present a description of this model, the analytical results derived from it, and the results from numerical simulations. Our main objective is to find how the height of the noise spectral peaks depend on the gap height.
A simplified model to estimate the multipactor noise spectrum
Below we will adopt the plane-parallel model to study the generation of electric current harmonics in systems where the multipactor saturation is caused by impedance mismatch. The simplified analytical consideration will be based on the model of multipactor resonance (similar to the model given in [13] ) whereas numerical simulations will be carried out taking into account the spread of the electron emission velocity and the non-uniform distribution of the electric field amplitude inside a rectangular waveguide. The resonance model assumes all electrons to be localized within a thin sheet oscillating between parallel metal electrodes. In this case the electric current density can be represented as follows [13] 
where 0 y  denotes the unit vector perpendicular to the metal surfaces, e  the electron charge,   
At the saturation stage, the electron number, N , is constant excepting relatively small stochastic fluctuations. Therefore the process of harmonics generation is determined mainly by the temporal evolution of the electron velocity, v . Under the considered approximation (i.e. when impedance mismatch is considered to be the main reason for multipactor saturation), one can neglect the space charge effect and use a very simple model for the electron motion which is governed by the following equation:
where m denotes electron mass, 0 E the amplitude of the rf electric field between the parallel metal plates, 0  the field angular frequency. The solution of (3) can be represented as a superposition of 3 forced oscillations of electrons in a monochromatic electric field and a free motion with constant velocity: 
where summation is taken over all odd numbers, 
The obtained result (5) It should be noted that more than one electron sheet can oscillate simultaneously between the two parallel electrodes in cases involving multipactor resonances of higher order (
). These electron sheets are shifted by one or more rf periods with respect to each other (see Fig. 4 ). When the number of electrons is the same in all electron sheets, the total electric current has the same period as the applied rf field, independently of the resonance order. It is convenient to analyze this current using the concept of an electron velocity which is averaged over all sheets. Specifically, in terms of the average electron velocity, v , the effective electric current can be represented as (cf. Eq. (2)
where N denotes the total electron number per unit area in all sheets. The oscillatory part of the electron velocity is the same in all sheets since this component does not depend on the emission time (cf. Eq. (4)). Therefore the oscillatory part of the average electron velocity remains the same as in (4 
where 1  k , and 1 J denotes the spectral amplitude of the first harmonic of the current, which is the same as that given in equation (7) . In contrast to multipactor with a single electron sheet, when all possible electron sheets have the same number of electrons the effective electric current, J , contains only integer odd harmonics of the applied electric field (see Fig. 5 ).
The simple models developed above only gives the relative values of the different spectral components of the current. The absolute value of the multipactor electric current cannot be calculated using this approach, since the number, N , of multipacting electrons is not determined at the saturation stage. For as was mentioned previously, this number depends on the entire rf circuit. Numerical simulations of the multipactor current harmonics inside a rectangular waveguide.
A particular software was developed to simulate the multipactor current in a separate cross-section of a rectangular waveguide. The software is based on an upgraded PIC algorithm [14] [15] [16] . When space charge is the multipactor saturation mechanism, the electric field structure will be changed by the presence of the electrons. In our case we assumed that impedance mismatch was the main saturation mechanism, and in this case the electric field strength is reduced but the field structure remains unchanged. This allows us to calculate the electron motion inside the waveguide segment in the undisturbed field of a running electromagnetic wave in the fundamental mode TE10. At the beginning of each simulation run, seed electrons are launched uniformly over several periods of the rf field from the middle of the waveguide wall (the wide wall with the electric field normal to its surface). The seed electrons are assumed to have stochastic emission velocities governed by a Maxwellian probability distribution. The motion of the electrons is governed by both the electric and magnetic fields of the running wave, and each collision of an electron with the metal surface is accompanied by secondary electron emission, being implemented in the simulations as a stochastic process. Its probability distribution is governed by the electron impact energy, and chosen so as to correspond to Vaughan's approximation [17] for the average value,   imp W  , of the secondary emission yield: W are determined by the material and the surface treatment of the metal plate. The secondary electrons are assumed to start with a stochastic emission velocity governed by the same Maxwellian probability distribution as the seed electrons. The secondary electrons move under the action of the microwave field, until colliding with a wall and giving rise to new secondary electrons, whereupon the process is repeated. The calculation data is stored, which makes it possible to study the evolution of both the electron number and the electron current as a function of time. The multipactor threshold is found by studying the evolution of the electron number. Within the approach used in this study, the multipactor avalanche does not saturate and the electron number grows during the whole simulation time, provided the input rf power exceeds the threshold value (Fig. 6) . The initial dip in the electron population in Fig. 6 is caused by the fact that seed electrons are launched uniformly over the field period for several periods. The electrons that are launched out of resonance will quickly disappear, whereas those launched at the proper resonant phase will lead to the eventual electron growth. However, the simulations show that after sufficiently long time, when a multipactor avalanche is completely established, the specific electric current (the ratio of the multipactor current to the number of multipacting electrons) becomes a quasi-periodic function of time (see Fig. 7 ). Based on a previous study of multipactor inside a rectangular waveguide [18] , it is possible to state that in the case when the waveguide height is much less than the electromagnetic wavelength, the multipactor avalanche grows independently in each waveguide cross-section and its growth rate is determined by the local amplitude of the rf electric field. Therefore in this case the simulation results which are obtained for a running electromagnetic wave can also be applied to describe multipactor in standing and mixed waves. Correspondingly it seems reasonable to assume that the specific current, which is established in the case of a growing multipactor avalanche, is the same as that in the case of multipactor saturation provided the latter is caused by impedance mismatch.
All simulations were carried out using the parameters m harmonics on the order of the multipactor resonance. For each value of the waveguide height, a series of simulations was completed with different input power which makes it possible not only to find the multipactor threshold, but also to study how sensitive the specific multipactor current is to an excess of power over the multipactor threshold. The first simulation series was completed taking the waveguide height to be 3 . 0  b mm, which made it possible to study the first order multipactor resonance (
 M
). In this case the multipactor threshold (in terms of input power) was found to be 478  th P W. For any power exceeding the multipactor threshold, the software calculates the spatiotemporal evolution of the specific current density related to the waveguide cross-section under consideration: 
where integration is taken over the waveguide cross-section. The distribution of electrons along the xaxis will be determined mainly by the power and the resonance criteria. For only in regions where the electric field, the gap width and the frequency fulfills certain resonance criteria will an electron avalanche be able to develop. Consequently the rf power will have a great influence on which modes are generated and propagated due to multipactor. Fig. 7 presents the first modal component   t I 1 of the specific multipactor current in the first simulation series. A number of simulations were carried out in order to understand how sensitive the amplitude spectrum of the specific multipactor is to the applied rf power. The results of those simulations demonstrate that an increase in the rf power is accompanied by an increase in the amplitude of all the harmonics of the specific current (see Fig. 9 ). The rate of increase in the amplitudes of the higher harmonics was found to be faster than that of the first harmonic amplitude. At the same time, the difference between the first and the third modal amplitudes is almost negligible within a relatively wide interval of power. In the second series, the simulations were made for a waveguide with a height, Fig. 10 shows that an exponential increase in the electron number is accompanied by the establishment of a quasi-periodic current per electron. In the case of third order multipactor resonance, one can observe some fluctuations in the established evolution of the specific current which are more pronounced as compared to the case of the first order resonance (cf. Fig. 7 and Fig. 10 ). The specific amplitude spectra for the three first modes (TE 10 , TE 30 , TE 50 ) can be seen in Fig.11 . Here the simulation results are presented for two different values of input power. When the power is slightly above the threshold value, the multipactor current is localized close to the middle plane of the waveguide and the modal currents,   t I 1 ,   t I 3 ,   t I 5 almost coincide with each other, similarly to the case of the first order multipactor resonance. Some similarity with the first order resonance can also be found by looking at the amplitude spectra of modal currents, which clearly demonstrates pronounced peaks at odd harmonics of the input frequency, whereas the sub-harmonic peaks (at the frequencies Fig. 3) are not well pronounced against the background noise. In this sense, at a power which is close to the multipactor breakdown threshold, the spectrum in Fig. 11 looks similar to that predicted theoretically for third order multipactor resonance with three electron sheets oscillating simultaneously between the electrodes (cf. Fig. 5 ). It should be noted that the ratio between the heights of the peaks of different harmonics is also close to that given by equation (11) However, a more detailed study of this spectrum (taking into account the non-propagating modes) revealed the existence of a sub-harmonic current peak. In contrast to the theoretical predictions for multipactor with a single electron sheet, the height of the revealed sub-harmonic peak is less than the height of the first harmonic peak, which makes it possible to conclude that in the simulations there were three electron sheets but with different number of electrons in each. Whether the peak belonging to the non-propagating mode will lead to any noise in a realistic system depends on the length of the waveguide and if outside the waveguide there are propagating modes at this frequency. Additional simulations demonstrated that in the case of third order multipactor resonance the multipactor current is more sensitive to the level of input power. As can be seen from the bottom panel of Fig. 11 , the subharmonic peaks become much more pronounced, along with the difference between different modal components. In the third series of multipactor simulations the height of the waveguide was increased further. The simulation results do not reveal any new qualitative feature in the spectra of modal currents. It was found in these simulations that the frequency separation between different spectral peaks decreases monotonously with an increase in the waveguide height, in complete agreement with the theoretical predictions (cf. two panels of the Fig. 3) . Specifically, inside a waveguide with height 5 . 4  b mm, at a power level slightly above the multipactor threshold, no spectral peaks were found (with exception of the first harmonic peak) that could be clearly distinguished against the background noise (see top panel in Fig. 12 ). An increase of the power level inside this waveguide makes the third harmonic peak more pronounced, while all the other spectral peaks remain indistinguishable against the background noise (see bottom panel on Fig. 12) . To check the sensitivity of the background current noise to the number of macroparticles used by the software, the multipactor simulations were repeated for a waveguide with height 9 . 0  b mm using a greater number of macro-particles (20000 instead of 5000). The simulation results (Fig. 13) clearly demonstrate a reduction both of the background noise and of the sub-harmonic peaks with an increase in the number of macro-particles, which is associated with a reduction in the stochastic fluctuations. One more numerical test was performed for this waveguide launching seed electrons during three rf periods. In this case it seemed more probable to get the multipactor discharge with multiple electron sheets in simulations. In complete agreement with this assumption the simulation results (Fig. 14) demonstrate a significant reduction of background noise and sub-harmonic peaks. 
Conclusions
A study of the multipactor noise has been undertaken using both analytical theory and numerical simulations. The study is based on the concept of an effective electric current, caused by the multipacting electrons, which determines the output electromagnetic noise from a device. Simple analytical estimates are obtained for the amplitude spectrum of the effective electric current when applying the resonance theory to a multipactor discharge between two plane-parallel electrodes exposed to a monochromatic rf voltage. It is shown that in the case of first order multipactor resonance the effective current contains only odd integer harmonics of the applied frequency, whereas in the case of higher order multipactor resonance the effective current can also contain sub-harmonics of the applied frequency. These predictions were confirmed by numerical simulations of multipactor inside a rectangular waveguide. In the simulations, a continuous spectrum of background multipactor noise was also found. And the mechanism behind the generation of this noise was determined to be the stochastic fluctuations of the electron emission velocity. It was demonstrated that an increase in the waveguide height is accompanied by a considerable reduction in the height of the current spectral peaks at harmonics of applied frequency. And the reduction became sufficiently great to make the peaks indistinguishable against the background noise when the waveguide height exceeded a value sufficiently large to allow multipactor resonance of the 15 th order.
